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Abstract. In this paper we study gradient estimates for the positive solutions 
of the porous medium equation: 

Ut = Au"^ 

where m > 1, which is a nonhnear version of the heat equation. We derive local 
gradient estimates of the Li-Yau type for positive solutions of porous medium 
equations on Riemannian manifolds with Ricci curvature bounded from below. 
As applications, several parabolic Harnack inequalities are obtained. In par- 
ticular, our results improve the ones of Lu, Ni, Vazquez and Villani in [10]. 
Moreover, our results recover the ones of Davies in [4J, Hamilton in [5j and Li 
and Xu in [7]. 
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1 Introduction 

Let {M^,g) be an n-dimensional complete Riemannian manifold. Li and Yau ^ studied 
positive solutions of the heat equation 

Ut = Au (1.1) 
and obtained the following gradient estimates: 

Theorem A(Li-Yau [8j). Let (M", g) be a complete Riemannian manifold with Ric(i?p(2i?)) 
> —K, K >0. Suppose that u is a positive solution of (jl.l|) on Bp{2R) x [0, T]. Then on 
Bp{R), we have 

where a> \ is a constant and the constant C depends only on n. Moreover, when i? — )• oo, 
(|1.2p yields the following estimate on complete noncompact Riemannian manifold {M^,g): 



iViip Ut na^K na 



2 



n2 u - 2{a - 1) 2t 
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Gradient estimates for the porous medium equations 



In [3], Davies improved the estimate ()1.3p to 

Theorem B(Davies [4]). Let {M'^,g) be a complete noncompact Riemannian manifold 
with Ric > —K, K >0. Suppose that u is a positive solution to (jl.ip . Then 

iVuP Ut no?K na^ , 

J — ^-a—<— - + . (1.4 

n - 4(a - 1) 2t ^ ' 

In [3], Hamilton proved the following estimate: 

Theorem C(Hamilton [5]). Let {M"',g) be a complete noncompact Riemannian mani- 
fold with Ric > —K, K > 0. Suppose that u is a positive solution to (|1.1|) . Then 

\Y^_^2Kt!^^^4Ktn_ (1.5) 

u 2t 

Recently, Li and Xu [7J obtained new Li-Yau type gradient estimates for positive 
solutions of the heat equation (jl.ip on Riemannian manifolds. For the related research 
and improvement in this direction, see [2l[3l[5ll6l[9l [Tn[TiHT6] and the references therein. 

The porous medium equation 

Ut = An"^, (1.6) 

where m > 1 is a nonlinear version of the heat equation (jl.ip . For various values of m > 1, 
it has arisen in different applications to model diffusive phenomena. The readers who are 
interested in the applications of ()1.6p see p^fTOtfTB] and the references therein. In [10], Lu, 
Ni, Vazquez and Villani studied gradient estimates of (|1.6p with m > 1 and proved the 
following results (see Theorem 3.3 in [10]): 

Theorem D(P. Lu, L. Ni, J. Vazquez, C.Villani [TD]). Let {M^,g) be a complete 
Riemannian manifold with Ric(i?p(2i?)) > —K, K > 0. Suppose that u is a positive 
solution to (|1.6p . Let v = :p^^u"^~^ and M = max^ {2R)x[o,t] ^- Then for any a > 1, on 
the ball Bp{R), we have 



iVup vt CMaa^ f 
a — <■ 



-am^ + (m - 1)(1 + VkR)^ 



V V R"^ \a ^ / (17) 

1 1 \ • ) 

H aim - l)MK H , 

a — I t 

where a = and the constant C depends only on n. Moreover, when R ^ oo, (|1.7p 

yields the following estimate on complete noncompact Riemannian manifold {M^,g): 

|VfP Vt o? , s,,^, ao? ,^ „s 

' ' a— < am-lMK + . (1.8) 



V V OL — \ t 



In this paper, we further study gradient estimates of the porous medium equation ()1.6p . 
We derive Davies's type estimate and Hamilton's to ()1.6p . Besides, we obtain estimates of 
Li-Xu type for (|1.6p . In particular, our results improve the ones of Lu, Ni, Vazquez and 
Villani in [lOj. Now, we state our results as follows: 
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Theorem 1.1. Let {M'^,g) be a complete Riemannian manifold with Ric(Sp(2i?)) > 
—K, K > 0. Suppose that u is a positive solution to (|1.6p . Let v = ^^^^ 
M = niax^p(2R)x[o,T] v. Then for any a > 1, on the ball Bp{R), we have 



^yrn-^ aUC 



iVtiP vt I C i 

a— < { ^— + a2a 

V V I (a- 1)2 ^ 



1 {m-l)MK 
1 ^ 2{a - 1) 



C 



1 N 2 



(1.9) 



where a = „"^"x)+2 '^'^'^ constant C depends only on n. 

Letting i? — )■ oo, we obtain the gradient estimates on complete noncompact Rieman- 
nian manifolds, which improves (jl.Sp of Theorem D in [lOj . 

Corollary 1.1. Let {M^,g) be a complete noncompact Riemannian manifold with Ric > 
—K, K > 0. Suppose that u is a positive solution to p.6p . Let v 
M = sup^^nx[o,r] ^- Then for any a > 1, we have 



and 



m—l 



\Vv\ 



a — < 



a 



aa 



2{a - 1 



-a(m - 1)MK H 



(1.10) 



Applying the inequality (jl.lOp . we derive the following Harnack inequality: 

Corollary 1.2. Let {M^,g) be a complete noncompact Riemannian manifold with Ric > 
—K, K > 0. Suppose that u is a positive solution to (jl.6p . Let v = :^^^u^~^ and 

M = sup^,/nx[o,T] ^ — iiifM"x[o,T] ^- Then for any X\,X2 G M", ^ < t\ < t2 < T , 
a > 1, the following inequality holds: 



..I'hY" f adist {x2,xi) 
v{xi,ti) <v{x2,t2) [ — ] exp ' 



tij i AM(t2-ti) 

+- -a{m - l)MK{t2 - ti) 

2[a — I) 



:i.iii 



where dist{x2, xi) is the distance between xi and X2- 
Remark 1.1. We rewrite the inequality (jl.Sp as 

\Vv\^-avt< a(m-l)MKv + . (1-12) 

a — 1 t 

Since (m — l)v = mu"^~^, we have (m — l)v — )• 1 as m — )■ 1. Hence, (m — 1)M — )• 1, 



t^t — : 
U 

n 



as m — )• 1. As a result, (|1.12p becomes the inequality (jl.3p in Theorem A of Li-Yau. 
Therefore, for complete noncompact Riemannian manifold (M",g), the estimate (jl.Sp in 
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Gradient estimates for the porous medium equations 



Theorem D of Lu, Ni, Vazquez and Villani reduces to the estimate (|1.3p in Theorem A of 
Li-Yau when m — )• 1. Similarly, it is easy to see that our estimates (jl.lOp reduces to the 
estimate ()1.4p in Theorem B of Davies when m — ?■ 1. 

Theorem 1.2. Let {M'^,g) he a complete Riemannian manifold with Ric(i?p(2i?)) > 
—K, K > 0. Suppose that u is a positive solution to (jl.6p . Let v = :^^iU^~^ and 
M = max^p(2/j)x[o,r] ^- Then on the ball Bp{R), we have 



- ^ ( 2(.(t) - 1) + - i"*^"" <" ) W 

+ (m - l)Maa^{t)s/Kmtb(-/KR)^ + ^^iM, (1.13) 

K t 

where a = „"^7)+2 ' '^(*) ~ g'2i^-'i-)^Kt constant C depends only on n. 

Letting — )• oo, we obtain the following gradient estimates on complete noncompact 
Riemannian manifolds. 

Corollary 1.3. Let {M^,g) be a complete noncompact Riemannian manifold with Ric > 
—K, K > 0. Suppose that u is a positive solution to ()1.6p . Let v = -^^^u^~^ and 
M = sup^nx[o,r] ^- Then we have 

iV.p ^(,)!^<^^ (1.14) 



V V t 

where a{t) = e2(™-i)A^^*. 

Applying the inequality ()1.14p . we derive the following Harnack inequality: 

Corollary 1.4. Let {M"',g) be a complete noncompact Riemannian manifold with Ric > 
—K, K > 0. Suppose that u is a positive solution to (jl.6p . Let v = :^^^u''^~^ and 

M = supjv,/nx[o,T] "^1 ^'^ = iiifM"x[o,T] ^- Then for any xi,X2 S M", < ti < t2 < T, 
a > 1, the following inequality holds: 

2{m-l)MK V4M(t2-ii)2 *i / J 

where dist{x2, xi) is the distance between xi and X2- 
Remark 1.2. Notice that (|1.14p can be written as 

iVtJp - a(t)wt <^a^(t). (1.16) 

Since {m — l)v = mu'^~^, we have {m — l)v — )• 1 as m — )• 1. Hence, (m — 1)M — )• 1, — >■ ^ 
and a{t) — t- e^^*. Hence letting m — t- 1 in ()1.16p yields the inequality ()1.5p . Therefore, 
our Corollary 1.3 extends Theorem C of Hamilton. 

Theorem 1.3. Let {M'^,g) be a complete Riemannian manifold with Ric(i?p(2i?)) > 
—K, K > 0. Suppose that u is a positive solution to ()1.6p . Let v = i^^^^u^"^ and 



M = max^p(2/?)x[o,T] ^- Then on the ball Bp{R), we have 

R 1 

(1.17) 



\_^-a{t)^-ip{t)<{a{m-l)\--+ ^ ' 



V 



i?2 R 

c 
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where a = and the constant C depends only on n. a{t) and ip{t) are given by 

ip{t) =a{m - l)MK{coth{{m - l)MKt) + 1}, 

_^ cosh((m - l)MKt) sinh((m - l)MKt) - (m - l)MKt 

Letting — )• oo, we obtain the gradient estimates on complete noncompact Rieman- 
nian manifolds. 

Corollary 1.5. Let {M'^,g) he a complete noncompact Riemannian manifold with Ric > 
—K, K > 0. Suppose that u is a positive solution to ()1.6p . Let v = ^^f^u™"""^ and 
M = sup^nx[o,r] ^- I'hen we have 

' ' a{t)— - (p{t) < 0, (1.19) 



V V 

where a{t) and ip{t) are given by (|1.18|) . 

Applying the inequality (|1.19p . we derive the following Harnack inequality: 

Corollary 1.6. Let {M^,g) be a complete noncompact Riemannian manifold with Ric > 
—K. Suppose that u is a positive solution to (|1.6p . Let v = ■:^^^u^~^ and M = 

supjy^nx[o,T] "^^j ^ — iiifA/"x[o,r] 'i'- Then for any xi,X2 € M", < ti < t2 < T, the 
following inequality holds: 

v{xi,ti) < v{x2,t2)Ai{ti,t2) exp I ^^J^7^^^^(l + ^2(^1, ^2)) j , (1-20) 

[4M{t2-ti) J 

where dist{x2, xi) is the distance between xi and X2- Moreover, 

^ . . fexp{2{m-l)MKt2)-2{m-l)MKt2-l^ 

A2{ti,t2) 



exp(2(m - l)MKti) - 2(m - l)MKti - 1 
t2 coth((m - l)MKt2) - ti coth((m - l)MKti 



t2-ti 



A linear version of Theorem 1.3 is the following: 

Theorem 1.4. Let {M^,g) be a complete Riemannian manifold with Ric(i?p(2i?)) > 
—K, K > Suppose that u is a positive solution to ()1.6p . Let v = j^^u"^~^ and 
M = max^p(2i?)x[o,r] ^- Then on the ball Bp{R), we have 

I L _ - ^{t) <la{m- l)a\t) I + 1 

+ ^TTT^TTT^M, 1.21 



V 



(3{t) i?2 

where a = „"^x)+2 ^'^^ constant C depends only on n. a{t) and (p{t) are given by 

ip{t) =- + a{m - l)MK + -((m - l)MKft, 

* 2 ^ (1-22) 

a{t) =1 + -{m-l)MKt. 
3 
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Gradient estimates for the porous medium equations 



Letting i? — t- oo, we obtain the gradient estimates on complete noncompact Rieman- 
nian manifolds. 

Corollary 1.7. Let {M'^^g) he a complete noncompact Riemannian manifold with Ric > 
—K, K > 0.. Suppose that u is a positive solution to (|1.6p . Let v = :;^ju"^~^ and 
M = sup^nx[o,T] ^- Then we have 

^-—^-a{t)--ip{t)<0, (1.23) 

V V 

where a{t) and ip{t) are given by ()1.22p . 

Applying the inequality ()1.23p . we derive the following Harnack inequality: 

Corollary 1.8. Let {M"',g) be a complete noncompact Riemannian manifold with Ric > 
—K, K > 0. Suppose that u is a positive solution to (jl.6p . Let v = :^^^u^~^ and 

M = supjv/,1 X [o,T] V, M = inf^jnx[o,T] ^- Then for any xi,X2 G M", < ti < t2 < T, the 
following inequality holds: 



tij \l + l{m-l)MKtiJ 

(1.24) 

where dist{x2,xi) is the distance between xi and X2- 

Remark 1.3. When m — )• 1, our Theorem 1.3 reduces to Theorem 1.1 of Li and Xu in [7]. 
Similarly, our Theorem 1.4 reduces to Theorem 1.2 of Li and Xu in [7j. Note that (|1.17p 
can be written as 



\Vv\' - a{t)vt - ^{t)v <U{m-l)ij^ + 

C 

+a^m^—^ — , , , )■ Mv. 



(1.25) 



R'^ tanh{{m-l)MKt) 
Since (m — 1)^ = mu"^~^, we have (m — l)v — )■ 1 as m — )■ 1. Hence, (m — l)Af — )• 1, 

cosh(Kt) smh( Kt) - Kt 

+ ^^^) ' 

nK 

ip{t)v {coth.(Kt) + 1}, 

1^ ,2 |VnP 



V? 



and 



ut 

Vt —: 
U 



J C C^/Kcothi^/KR) 

+ w — - 



a^rn \ , . } Mv ^ —y + — coth(VKi?) + 



R'^tanh{{m-l)MKt) } R'^ R ^ ' R"^ tanh{Kt) 
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as m — )• 1. As a result, (|1.25p becomes 

I I «(i)^_^(i)< +^_coth(\/:^i?) + -^-— — - (1.26) 



V? ' u ' - R'^ R ^ ' R'^tanh{Kt) 



cosh{Kt) smh{Kt)-Kt 



by letting m — ^ 1, where d{t),(f{t) in (|1.26p are given by d{t) = 1 + 

ip{t) = ^{coth{Kt) + 1}. Therefore, our Theorem 1.3 becomes Theorem 1.1 of Li and 
Xu in [7] as long as letting m — >• 1. Similarly, our Theorem 1.4 becomes Theorem 1.2 of 
Li and Xu in [7] as long as letting m — )• 1. 

Remark 1.4. When t is small enough, a{t), ip{t) defined by (jl.lSp and ()1.22p both satisfy 
a{t) — )• 1 and (p{t) < 2a{m — 1)MK + j. Hence, by Corollary 1.5 and 1.7, we have 

^-^^ -a(t)— <2a(m-l)MK + -. (1.27) 

V V t 

Clearly, for t small enough, ()1.27p is better than (jl.Sp . Thus Corollary 1.5 and 1.7 improve 
(11.81) in Theorem D of [101 in this sense. 



2 Proof of Theorem 1.1 

Let V = :^^^u"^~^. From the equation ()1.6p . one gets vt = {m — l)vAv + |Vf p which is 
equivalent to the following form: 

- = (m-l)Av+^-^^. (2.1) 

V V 

Lemma 2.1. As in 110], we introduce the differential operator 

C = dt — {m — l)vA. 

Denote by F = — ip, where a = a{t) and ip = ip{t) are functions depending on 

t, then we have 



C{F) = - 2{m - l)vfj - 2(m - l)RijViVj + 2mVvVF 
^2 , /I „N /^A^ „fVt 



{{m-l)Avf + {l-a)i-] -a' --if' 

\ V / V 



(2.2) 



Proof of Lemma 2.1. We need two formulas (see p5-p6 in |10j ) 

C (—\ ={m- l)Av— + -VvVvt - ^I^^ + 2(m - l)vV (—\ V(log v), 
\ V J V V V V \ V y 



C ( J L =2(m - l)Av^- ^ + -VvVlVvP - 2(m - l)vl 

^ V J V V ^ 

- 2{m - l)RijViVj - + 2(m - l)vV i ] V(logw). 
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Hence we have 

\ V J \ V y V 
iVvP 2 

=2(m - l)Av- + -VwVlVwP - 2(m - l)vfj 

4 /|T7.,|2- 



2(m - l)RijV^Vj - ^—^ + 2(m - l)vV i ^—^ j V{\ogv) 
a(m — l)Av— — a-VvVvt + a— -^^^^^^ 2a(m — l)vV f— ) V(logf) 

V V V V \ V / 



vt 2 vt \Vv\ 
• a—yvWvt + a 

V V V V 

a'- - if'. (2.3) 

V 



Since 



2(m - l)f V(J ^)V(log v) - 2a{m - )V(log v) = 2{m - l)VvVF, 

V V 

2 o 2 2 iVuP 
-VvVlVvr - a-VvVvt = -VvV((F + ip)v) = 2(F + oj)^ ^ + 2VWF, 

V V V V 



we have 

2(m - l)vV (^—^^^ V(logv) - 2a{m - l)vV (— ) V(logv) + ^VwV|Vu|^ - a^VwVut 

=2mV?;VF + 2(F + (p)^- ^ 

f 

--2mVvVF + 2 ^ ^ - a- ' ' ' 



On the other hand, it follows from ()2.ip that 

|Vup \Vv\'^ , Vt vt\Vv\^ 

2{m - l)Av- ^ — a{m - l)Av— + a ' ' 



(2.4) 



|V7;|4 


— a 


Vt 




V 


4 






a 


(- 


r 




V V 





V V V 

Vt \Vv\ 



+ a- 

V \ V VI V^ V \ V VI V V 

K2a + 2)^^-3^-a(::i) . (2.5) 
V V v' \ V / 

Therefore, (g^D and (^3]) give 

2(m - l)vV fl^^^ V(log^;) - 2a(m - l)vV (—) V(log?;) + -VWlVuP 

\ V J \ V I V 

- a-VfVft + 2(m - 1)A?;J ^ ^ — a(m - l)Av— + a—- 

V V V^ V V V 

=2mVvVF - f ^ - ^1 ' + (1 - a) f ' 
=2mVvVF - ((m - l)Ai;)2 + (1 - a) . (2.6) 
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Putting (HSl) into ((23]) yields 

C{F) = - 2{m - l)vfj - 2(m - l)RijViVj + 2mVvVF 
- {{m - l)Avf + (1 - a){-f - a'- - ^' . 

V V 



It completes the proof of Lemma 2.1. 



Now we prove Theorem 1.1. Define F = a^, where q > 1 is a constant. Then 

we have from (12.21) 



£(F) = -2(m - l)vfj - 2(m - l)RijViVj + 2mVvVF - {{m - l)At>)^ + (1 - a) (^^j 
Under the assumption that Ric > —K and the definition of M, we have 



C{F) = - 2(m - l)vtj - 2{m - l)RijViVj + 2mVvVF - ((m - l)Avy + (1 - a) (^— j 
2 

< -((m - l)Av)'^ + 2(m - l)K\Vv\'^ + 2mVvVF - ((m - l)Avf 

nym — 1) 

< - -((m - l)Avf + 2{m - l)Mi^i^^ + 2mVvVF 



a 



F + (a-l)- -] +2{m-l)MK'- ^ + 2mVwVF, 

V V J V 

where the last equality used 

{m-l)Av = — -- - = F+(a-l)' ' 



(2.7) 



V V a \ V 

Denote by Bp{R) the geodesic ball centered at p with radius R. Take a cut-off function 
4) (see [12]) satisfying supp(i5!)) C Bp{2R), (j)\Bp(R) = 1 and 

(A - R^' 

-Act) <^{} + VKcoth{VKR)^ , (2.8) 

where C is a constant depending only on n. Define G = t(j)F. Next we will apply 
maximum principle to G on Bp{2R) x [0, T]. Assume G achieves its maximum at the 
point (xo,s) G Bp{2R) x [0,T] and assume G{xq,s) > (otherwise the proof is trivial), 
which implies s > 0. Then at the point (xq, s), it holds that 

C{G)>0, VF = -^V(/> 



and by use of ()2.7|) . we have 

<C{G) = s4>C{F) - s{m - l)vFA4> - 2s{m - l)t>VFV(/> + cpF 
=s<j)C{F) - (m - l)v^G + 2(m - 1)?;^^G + - 
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<s(p ^(F +(a- I)- -f + 2(m - l)MK^- ^ - 2mVz;— -F 

\ aa^ V V (p J 

-(m-l).^G + 2(m-l).^G + ^. 

Let = /iF at the point (xq, s). Then we have /x > and 

< ^^s^F^fl + (a - l)/u)^ + 2(m - UMKscpnF - 2ms</>Vu^F 

-(m-l).^G + 2(m-l).^G + ^ 

< ^(1 + (a - l)fifG^ + 2(m - 1)MK^jlG + 2mG^^M3/if 

aa s0 g2(j)2 

-{m-l)v^G + 2{m-l)v'^^^G + -. (2.9) 
Multiplying the both sides of ()2.9p with ^ yields 



^(1 + (q - 1)m)^G - 2m^^M5//tG 



1 1 „i 

2 



S2 02 



< 2(m - l)MKficl) - (m - l)t>A(/) + 2(m - l)t;i^^ + - 

cp s 

|V(/)P 1 

< 2(m - l)MKn - (m - 1)MA(^ + 2(m - 1)M^—-^ + -. (2.10) 

(p s 

For the inequality Arr^ — 2Bx < C, we have x < ^ + (^)^- Applying this inequality to 
()2.10p by setting x = G2 gives 

<-, , ' ; + \ 7 - + 2 m - \)MKix 

-(l + (a-l)/.)2 \(l + (a-l)^)2 * " ^ ^ ^ 



-|V0| 



2 



-(m- l)MA(/) + 2(m- 1)MJ— j . (2.11) 
Obviously, 

2ao?mM^s^lA |V0| 2aa^mM^s5((a — 1)^)5 |V</)| 



(l + (a-l)/i)2 0| (a _ 1)1(1 + (a- 1)^)2 0i 
<- 



(a — 1) 2 (/)2 

and 

aa^s /I Mi^r^ ^ 2 2ao? s{m — \)MK (a — l)/i 



+ 2(m - l)MKfi <aa^ + 



(1 + (a - l)/i)2 Vs ' / r-y - (l + (a_l)^)2 

- V 2(a-l) ; 
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Thus, by use of (j2.8p . we have 

^1/ N aa^mMhhvS ( ^( (m-l)MKs 



(a -1)3 I V 2(a-l) 

(m - l)MsA(/) + 2(m - l)Ms^—j^ 



aa^mM2T2 C i i fl (m - 1)MK 



(a -1)1 R [T 2{a-l 



1 



+(m - l)Af-^ (^1 + \/^coth(\/^i?)^ 



Hence, for all x G Bp{R), it holds that 



-1, , aa'^mM2 C i fl (m-l)MK 
F-2{x,T)<- +a-2a{-+'- ' 



{a-lf^R \T 2(a-l) 



1 



(2.12) 



+ (m - 1)M-^ (^1 + \/Kcoth(\/K/?)) 



Since T is arbitrary, we obtain, for x G Bp{R) 

aa^mM^ C i 

1 — ^ + a2 a — I 

{a-l)^R U 2(a-l) 

C_ 



~i , , aa^niM^ C i f 1 (m - l)MK 
F2{x,t)< -— + a2a{-+^ ' 



+(m - 1)M-^ ('l + VKcoth(\/Kfl)) 



We complete the proof of Theorem 1.1. 

Proof of Corollary 1.2. Along the line of Li-Yau, we will establish Harnack inequality 
from a general estimate 

-Q(t)- -(^(t) < 0. (2.13) 

V V 

Rewrite (f2T3]) as 

— ^ < - 

V - a{t) V I' 

Let / = logf. Then we have 

-/t = < -TTV W 

V a[t) \ V 

<±-(^(t)-M\Vf\'). 
a{tj 

Let 7 be a shortest geodesic joining xi and 2:25 7 : [^1,^2] M"", 7(^1) = xi, 7(^2) = 3;2- 
We define a curve C in M" x (0,oo), C : [ti,t2] M" x (0,oo) by C(t) = {'y{t),t). Then we 
have C(*i) = (^ij^i)) C(*2) = {x2,t2)- Denote by p = d{xi,X2), then we have I7I = ^^^^^^^ 
and 



f{xi,ti)-f{x2,t2)=l''j^f{m)dt 
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\-{iyf) + {-ft))dt 

ti 

t2 / 1 



ii 



- / (l7l|V/| + ^Mt)-M|V/n)dt 



a(t) y Jt^ a{t) 

<^-^ — f\{t)dt+r^dt, (2.14) 



where the last inequality used —Ax^ + Bx < £^ and I7I = jj^-f-^- 

Let a > 1 be a constant, ip = ^^"^^^ a(m - l)MK + We have from ()2.14p 



+ ^ " a{m-l)MK{t2-ti) +aalog—. 



(2.15) 



4M(t2-ti) 2(a-l) ' ' " ^ti 

Therefore, we arrive at 

v{xiM) < v{x2M) {^^ exp { + " a(m - l)MK(t2 - ti) 1> • 

\tij UM(t2-ti) 2(a-l) 

We complete the proof of Corollary 1.2. 



3 Proof of Theorem 1.2 

Define F = a^, where a = e2(™~^)^^* is a function depending on t. Under the 

assumption that Ric > —K, we have from (j2.2p 



— 2 iVuP — 

CiF) < -iim - l)/\vf + 2(m - 1)MK^- ^ + 2mVvVF 

nym — 1) u 



((m-l)A^)2 + (l-a)(^) 



2 ,i;t 



a 

v / V 

= - -((m - l)Avf + 2(m - l)Mi^^^^ + 2mVvVF - a — 
a V V 

+ (l-a)(^)', (3.1) 

and hence 
C{a-^F) ={a-^)'F + a~^C{F) 

<{a ) a{a ) — 

V V 

- -a-^((m - l)Avf + 2(m - l)MKa"^i^^ + 2ma-^VvVF - a'a'^ — 
a V V 
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= - -a-\(m - l)Avf + 2ma"^V?;VF + (1 - 0)0"^ (—Y 
a \v J 

a 

= -^a-^ {{a-^ -l)^^^^ -a-^F^ + 2mV vV {a'^F) , (3.2) 

where we used (m — l)Au = {a~^ — 1)^^^^ a~^F. 

Recall that one can construct a cut-off function (j) as before, which satisfies supp((/)) C 
Bp{2R), 4>\bp{r) = 1 and 

< (1 + VKRcoth{VKR)^ , 

where C is a constant depending only on n. Define G = tcpa'^F. Next we are to apply the 
maximum principle to G on Bp(2R) x [0, T]. Assume G achieves its maximum at the point 
(xo,s) G Bp{2R) X [0,T], and assume that G{xo,s) > (otherwise the proof is trivial), 
which implies s > 0. Then at the point (xq, s), it holds that 

£(G) > 0, V{a-^F) = -^^-^V0 

and 

<CiG) = s(t)C{a^^F) - s{m - l)va'^F/\(t) - 2s{m - l)W(a"^F)V(/) + 0a"^F 

=s(^C{a^^F) - (m - l)v^G + 2{m - l)t;^t^G + - 

(f) cp'' s 

< - ((a~^ - 1)^^^ - a-^p] + 2ms(pVvV(a-^F) 

a \ V ) 

-(m-l).^G + 2(r.-l).^G + ^ 

< _ _ ,f\^ _ + 2a-(a--l)jV^^ _ 

-{m-l)v^G + 2{m-l)v\^G+^ 



(m-l)M^G + 2(m-l)M^^G + -. (3.3) 



Multiplying the both sides of (|3.3p with yields 



G{x,T) <G{xo,s) < -2(1 - a"^)s(/)-^^^ + 2mM^asa|V(/)|i^ - (m - l)MasaA(j) 



V 2 
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+ 2(m - l)Masa ' ' + aacj) 
<P 

<— TT—r (.rn- l)MasaA(j) + 2(m - l)Masa-^-P- + aa^ 

2(1 — a ^) (p 

^ 2(1-0-1) + 3(m-l)Af ar.j^ 

+ (m - l)MaraVK coth(\/Ki?)— + act. 



(3.4) 



Hence, for all x £ Bp{R), it holds that 

(q-1f)(x, T) < (^^^^— — ^ + 3(m - l)MaaJ 



+ (m - l)MaQ\/Kcoth(\/Ki?)- + 

R T 



and hence, 

7(-.^)S(^^ie^ + 3(™-l)AWj^ 

+ (m - l)Maa2^/;^coth(\/Ki?)- + 

R T 

Since T is arbitrary, we complete the proof of Theorem 1.2. 

Proof of Corollary 1.4. Choosing a{t) = e2(™-i)^^^*, V9(t) = in (imi) . we get 



log?;(xi,ti) - logt>(x2,t2) < / 



+ — 



4M(t2-ti)2 i 



<rf (3-5) 

2 ^ \ g2(m-l)Mii-t2 _ g2{m-l)Mifti 

+ * 



.4M(t2-ti)2 ti) 2{m-l)MK 
which concludes the proof of Corollary 1.4. 

4 Proof of Theorem 1.3 

Under the assumption that Ric > —K, we have from ()2.2p 

1 IV?;P lu 

C{F) < - -{{m - l)Avf + 2(m - 1)MK^- ^ + 2mVvVF - a — 

a V V 

2 



-.'.(i-«)(^) 



1 2 1 iVvP 

-((m - l)At! + (ff + -cpUm - l)Av) + -cp'^ + 2(m - 1)MK- 

a a a v 

2mVvVF - a'— - if' + il - a) {—\ 
V \ V y 



Guangyue Huang, Zhijie Huang, Haizhong Li 



15 



Take 



-((m - l)Av + + ^ f ^ _ + ^ - l)Mi^^ 

a a \v V J a v 

2mVvVF -a'- - if' + {l-a)(-Y 
V \ V / 

-((m - l)Av + (ff + 2mVvVF 
a 

-(^ - 2(m - 1)MK J L - ^ - if 

^ jy V lip-2{m-l)MK V 

(-^ - 2(m - 1)Mk] ip + -^'^ + a) (-V . (4.1) 
\a J a \ V / 



Lp{t) =a{m - l)MK{coi\i{{m - l)MKt) + 1} 

cosh((m - l)MKt) smh((m - l)MKt) - (m - l)MKt (4.2) 
a{t) =1 H 



sinh^{{m-l)MKt) 
then a{t) and (p{t) satisfy the fohowing equations: 

- - 2(m - l)MK) ^ + iy-ip' = {) 
-1 — °. = a. 



(4.3) 



lip-2{m-l)MK 

Moreover, it is easy to see that a > 1. Putting (|4.3p into ()4.ip . we obtain 
I 

C(F) < ((m - 1)A?; + ipf + 2mVvVF - 2(m - l)MK coth((m - l)MKt)F 

a 

= --^(F + {a-l)( + 2mVvVF ^^'^^ 

aa^ \ \ V J J 

- 2{m - l)MKcoth{{m - l)MKt)F, 
where we used 

(m - l)Av + m = — - J + 09 = { F+(a-l) { ' w 

V V a \ \ V 



We can construct a cut-off function cj) as before, satisfying supp((/>) C Bp{2R), (pl^ (^j^-j = 
1 and 




where C is a constant which depends only on n. Define G = (3{t)(j)F, where /3(t) is a 
positive function to be determined. Next we are to apply the maximum principle to G on 
Bp{2R) X [0,T]. Assume G achieves its maximum at the point (xo,s) G Bp{2R) x [0,T], 
and assume that G{x(),s) > (otherwise the proof is trivial), which implies s > 0. Then 
at the point {xo,s), it holds that 



£(G)>0, VF = --V(t) 
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and 

<C{G) = p'<l)F + P<I)C{F) - (m - l)/3vFA(/) - 2(m - 1)/3W(/)VF 
=^G + - (m - l)v^G + 2(m - l)t;^^G 

/3 aa^ 



<^G-f^(F + (Q-l)(^-^-99)) +2mp4>yvVF 



2{m - l)/30Mir coth((m - l)MKs)F - (m - l)f + 2(m - l)^^^^^ 



2(m - l)MKcoth((m - l)MKs)G - (m - l)u^G + 2(m - l)^;^^^^ 



2(m - l)MK coth((m - l)MKs)G - im - l)v—G + 2im - l)v'^^^^G. (4.5) 



Multiplying the both sides of ()4.5p with ""^^'^ yields 

—(?;)- 2 — 2— — 

-2{m - 1)MK coth{{m - l)MKs)(l) - {m - l)vA<f) 



G{xo, s) <aa^f3 { '-^cj) - 2 ^ ^ ^ (^—7^ - 'P)(t> - 2mVvV<f> 



+2(m - 1)^- 



=aa^^ I f ^ + 2^^^-^ip - 2(m - l)MK coth((m - l)MKs)\ 
[ \ p aa^ / 

-(m - l)vA</> + 2(m - 1)^;^^^ 

-2^ ^ + 2mu2 V(/)^ 

aa^ V y2 

<I3 !^2{a - l)(p - ao? ^2(m - l)Mi^ coth((m - \)MKs) - ^ 



where the last inequality used —Ax^ + Bx < Choosing /3(t) = tanh((m — l)MiCi), 

1 ^ _ {m-l)MK 1 

we nave ^ — sinh((m-l)Mii't) cosh{(m-l)Mii't) 



2(a - 1)99 - aa^ |^2(m - l)Mircoth((m - l)MKt) - < 0. 

Note that q, is bounded uniformly and /3 is non-decreasing. Thus from ()4.6p we 
obtain 

G(x,r) <G(xo,s) 



Guangyue Huang, Zhijie Huang, Haizhong Li 



17 



<aa^/3 \-{m- 1 A</. + 2 m - + tt—j^ } M 

<U{m-l)P{T)\^ + ^j+aW-^^M. (4.7) 

Hence, for all x G Bp{R), one has 

T) < I o(™ - 1) + i j + aV'^^^ I M. 

Since T is arbitrary, we obtain 

iVvP f , ,(C C^/Kcot^^/KR)\ 



V I \ i?2 ^ 

2 2 ^ 

i?2 tanh((m - l)Mi^:t) ^ ^' 
We complete the proof of Theorem 1.3. 

Proof of Corollary 1.6. Putting a{t),ip{t) given by (jl.lSp into ()2.14p gives 
logt;(xi,ti) - logt;(x2,t2) 

p"^ f {m- l)MKt coth((m - l)MKt) - 1 



(4.8) 



4M(t2 -ti)2 V {m-l)MK 
a sinh(2(m - l)MKt) + cosh(2(m - l)MKt) - 2(m - l)MKt - 1 
"^2 °^ 2(m- 1)MK 

[1 + A2{ti,t2))+\ogAi{ti,t2), 



t2 



4M{t2-ti) 

where 

, fexp{2{m-l)MKt2) -2{m-l)MKt2-l 
Ai{ti,t2) — 

A2{tl,t2) -- 



exp(2(m - l)MKti) - 2(m - l)MKti - 1 
t2 coth((m - l)MKt2) - ti coth((m - l)MKti 



t2-ti 

Therefore, we arrive at 

r p2 

v{xi,ti) < v{x2,t2)Ai{ti,t2)ex.v { — =- -(1 + ^2(^1,^2)) 

We complete the proof of Corollary 1.6. 

5 Proof of Theorem 1.4 

The proof of Theorem 1.4 is similar to the proof of Theorem 1.3. Under the assumption 
that Ric > —K, we have from ()2.2p 



£(i?) < _ -Urn - l)Avf + 2(m - nMK^^^ + 2mVvVF - a' — 
a V V 
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i ^(m - l)Av + a Q + (m - l)MK^ ^ + 2(m - 1) Aw Q + (m - l)ME:j 



+ a f- + (m - 1)MK^ + 2(m - l)MKi^^ + 2mVvVF - a'— 



2 



i f(m-l)Az; + af^ + (m-l)Mi^^^ -^jl^ 



a \ \t 

2(i + (m-l)Mi^)-«^ t;, \ 2^/1, 
2 ~ - (p}--ip + a\ - + {m 



t 

2 



- if' + {I - a) +2mVvVF (5.1) 

Taking 



ip{t) =- + a(m - 1)MK + -((m - l)MKft, 
t 3 

a(t) =l + ^(m-l)MEri, 



then a(t) and (^(t) satisfy the following equations: 



t 



Moreover, it is easy to see that a > 1. Putting ()5.3p into ()5.ip . we obtain 

< - i /'(m - l)At; + a Q + (m - 1)Mk] ~ + '^^nVvVF 



where we used 



(m - 1)A^; + a Q + (m - 1)ME:^ 



1 fj., , TJVt;p /2a, -.x,... a.. 1^,,f7>'^2 



(5.2) 



-f (/J + a (i + (m - l)Mii:) = 

2(^+(m-l)MK)-a' (5.3) 
2 = 



2 

-F + 2mVvVF, (5.4) 



, F + (a - 1)J - — (m - 1)MK + -((m - l)MKYt 

ay V \'i 3 

Construct a cut-ofF function (/> as before, which satisfies supp(i;A) C Bp{2R), cpl^ (^j^-j = 1 

and 

^ C 
< (l + \/^i?coth(/^i?) 
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where C is a constant depending only on n. Define G = P{t)(pF, where (3{t) is a posi- 
tive function to be determined. Assume G achieves its maximum at the point {xo,s) E 
Bp{2R) X [0, T], and assume that G{xq, s) > (otherwise the proof is trivial), which implies 
s > 0. Then at the point (xq, s), it holds that 

C{G)>0, VF = -^V(j) 



and 



<C{G) = p'cpF + p(t)C{F) - (m - l)/3wFA0 - 2(m - 1)/3W(/.VF 

/3 



+ - (m - l)t;-^G + 2(m - ly-^G 



;f G - 4 |f + (a - 1)!^ - - DMA- + 5 ((™ - 1)A. ' ' ' 



2, 



- -/3(/>F + 2m/3(l)VvVF - (m - l)v^G + 2(m - 

/?' G2 2G r, ,jVwp /2a a,, ,,„.,.s2 



_ f _ DMA- + _ ijMKfs 

-^-G- 2mVv^G - (m - l)v^G + 2(m - 

S (?i> (p (j) 

<f G - 4^ - ^ {(« - 1)^ - (^(r. - 1)MK + f ((m - 1)MK)2. 
- -G - 2mVv^G - (m - l)f + 2(m - l)t;^^G. (5.5) 

S 



Multiplying both sides of ()5.5p with — yields 



G{xo, s) <aa^p <{ ^0 _ ^ ((a - 1)1^ -(^(jn- l)MK + ^((m - l)MKfs 



(3 aa^ \ V \2> 3 

--(j)- 2mVW(/> - (m - l)wA0 + 2(rn - l)t> ^^'^^ 



=aa"^ + ^ (2(m - 1)M/^ + ((m - l)MK)"s 

-(m - l)v/\(t) + 2(m - 1)^^-4^ - 2^^ ^ + 2m?;2 iVc/)] 

<^/^r2(m-l)Mi^s + ((m-l)MK)2s2) +5a2 ^ 
s[3\ / \p s 

+ aa^z? J - m - 1 A</) + 2 m - + -, rr^^ \ M. 

I (/) 2(a - 1) ' 



(5.6) 



Choose /3{t) = tanh((m - l)MKt), then we have f = sinh((m-i)Af'^t)^coshV-i)Afm) and 



2(m - l)MKt + ((m - l)MKyt^ ) + to ( ^ - - ) < 0. 



20 



Gradient estimates for the porous medium equations 



Note that is bounded uniformly and a, /3 is non-decreasing. Thus from ()5.6p we obtain 

G(x,r) <G(xo,s) 

<aa2^ <^ -(m - 1)A(/. + 2(m - 1)^^ + 7^—7^ } M 

[ 2(a-l) J 

< < a(m - l)a (r)/3(r) I + \+a m a (T)-^ S M. 

Hence, for x G Bp{R), we have 

r / N ^.^n/C^ C^/K coth( ^/KR)\ a'^m'^a^m C ) 

Since T is arbitrary, we obtain 



+ — ?7IV^7v7 M. (5.7) 



m'^a^jt) C 
'W) R^ 

It completes the proof of Theorem 1.4. 

Proof of Corollary 1.8. Recall the estimate ()1.23p . which implies 

* < -7- ^it) - ^—^ 



V ~ ait) 

where a{t) and ^{t) are given by ()1.22p . It follows from ()2.14p that 

logv{xi,ti)-logv{x2,t2)<-^^ -/ a{t)dt+ ^dt. (5.8) 

Choosing a{t) = 1 + |(m - l)MKt and ip{t) = f + a(m - 1)MK + f ((m - 1)MK)H in 
concludes the proof of Corollary 1.8. 
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